In this study we derive the Finite element apriori error estimate for the monodomain cardiac electric model in conjunction with the generic form for a class of nonlinear ionic models. The analysis establishes a o(h 2 + k) space-time convergence. Further the computational realization of the same for different reduced ionic test models is presented.
Introduction
Cardiac electrophysiology is a branch of medicine and biology. Electrophysiological models of heart describe how the electrical potential is generated in every part of the heart. These models consist of coupled ODE-PDE system. Electrical activity at the cell level is described by these ODEs and PDEs describe the same at the tissue level. One of these models is the Bidomain model which is described by two degenerate non-linear parabolic reaction-diffusion equations which are coupled with a non-linear system of ODE ionic models. The other popular model is the, Monodomain model, which is a simplified form of the Bidomain model. It consists of a non-linear parabolic reaction-diffusion equation together with a non-linear system of ODE ionic models. While both finite difference method (FDM)and Finite element method (FEM) have been used to solve these models [9, 5, 8, 4] .The space-time convergence analysis through apriori error estimation has not been reported for these models.
In this paper we derive the L 2 apriori error estimate for the FE analysis of Monodomain model with general form of ionic models. In the next section we will describe the cardiac electric models. In section (3) finite element formaulation is presented. In section (4) we derive the L 2 apriori error estimate for semi-discrete and fully discrete system. In section (5) a numerical example with space-time convergence results have been presented.
Cardiac Electric Model
Cardiac tissue is considered as the overlapping of the intra and extracellular continuous domains such that each point in the intracellular myocardium is also in the extracellular and the two domains are connected with continuous cellular membrane. Bidomain model(BDM) [4] is the characterization of such cardiac tissue and it consists of a set of mathematical equations which describe the propagation of intra and extracellular electric potentials in cardiac tissue.
The monodomain model(MDM) [4] , simplified version of the BDM, with the capacity to provide significant information similar to that of BDM, is used to calculate the action potential. This model consists of a parabolic reaction-diffusion equation coupled with a system of ODE's which is given as
where v and w are the action potential and gating variables respectively. g(v, w) and I ion is given by the models at the cell level, called ionic models.
Ionic Models
Hodgkin and Huxely [6] in 1952 gave the first mathematical model that describes accurately the action potential waveform. This model is complex in nature. There are various complex ionic models such as Luo Rudy 1 [10] , Beeler Reuter ,LRd [6] . For large spatial and temporal investigation of any phenomena, various reduced ionic models FitzHugh Nagumo Model(FHNM), Roger-McCulloch Model(RMM) ,Aliev Panfilov Model(APM), Mitchell Schaeffer Model(MSM) [6, 2, 1, 3, 11] have been described to substantially provide the action potential at low cost.
Galerkin Finite Element Method (GFEM) formulation
Weak formulation of the system (1-4) is obtained, find
Integration by parts together with boundary condition gives
Consider {T h } h be a member of a family of quasi-uniform triangularizations of Ω with max τ ∈T h diamτ ≤ h and let S h be the corresponding finite dimensional space of continuous functions on Ω which reduces to linear functions in each of the triangles of T h .
Let
be the basis functions of S h so that we can write v(
The matrix form of the system is given as
4 L 2 error estimate for the semi-discrete problem
Let Ω be a plane convex domain with smooth boundary and consider the problem (1) (2) (3) (4) . Assume that D(x) is symmetric and uniformly positive definite, i.e. there exist α > 0 such that β 2 ) , and the associated norm . X , where (., .) is the standard L 2 -inner product.
So,the weak form of the problem becomes
where
Theorem 1 Let u be the solution of the problem (1 − 3), and u h be the solution of the problem in semidiscrete case. Then, if I i on(v, w) and g(v, w) is Lipschitz continuous in v and w and D(x) is symmetric and positive definite, we have
Proof: Decompose the error
where R h u is the elliptic projection of the u defined as,
Now we will bound the θ = R h u − u h and ρ = (u − R h u) separately. In order to bound θ, note that,
Choose ψ = θ,and applying Chauchy-schwartz and lipschitz continuity of F along with boundedness of L 2 projection, we get
After integration we get,
Now apply Gronwall's lemma, and the following bounds for ρ X and ρ t X taken from the elliptic theory [7] 
Also,
Using (12-14) in 10, we arrive at the estimate 9.
L 2 error estimate for the fully discrete problem
Let k be the time step, t n = nk, and let U n be the approximation of u(t n ) in S h × S h . We will use backward Euler Galerkin scheme and linearize the problem 7 by replacing U n by U n−1 to obtain
Theorem 2 Let U n and u be solutions of 15 and 1, 2 respectively. Then, if I ion (v, w) and g(v, w) are Lipschitz continuous in v and w and D(x) is symmetric and uniformly positive definite, we have
where U n is the elliptic projection of u n defined as
ρ n will be bounded by Elliptic theory. Now we need to bound only
Take ψ = θ n and use the ellipticity of D and (18) we get,
Using the definition 4.1
Numerical Test and Discussion
We consider the monodomain model with the following different ionic models in a square domain [−1.25, 1.25] 2 .
• FHNM:
• RMM:
• APM:
• MSM:
We solved it using linear finite elements in space and Backward Euler in time and the nonlinear terms I ion and g are linearized by taking values at the previous time step. We compute the L 2 norm of the error and the space and time rate of convergence. Initial conditions for v and w are chosen to be 0.2 , 0.1 respectively for all the cases and
, where e n : n th level error. From Table 1 it is clear that as the grid resolution is increased not only the error in L 2 norm decreases but also the theortically predicted sroc and troc are realized in all the cases.
Conclusion
For the Monodomain CEM in a generic framework for ionic models an apriori error estimate under fem approach has been theortically established and computationally verified. 
